Abstract. In this paper we discuss the task of efficiently using ant-like robotic agents for covering a connected region on the Z 2 grid, whose shape and size are unknown in advance, and which expands at a given rate. This is done using myopic robots, with no ability to directly communicate with each other, where each robot is equipped with only O(1) memory. We show that regardless of the algorithm used, and the robots' hardware and software specifications, the minimal number of robots required in order to enable such coverage is Ω( √ n) (where n is the initial size of the connected region). In addition, we show that when the region expands at a sufficiently slow rate, a team of Θ( √ n) robots could cover it in at most O(n 2 ln n) time. Regarding the coverage of nonexpanding regions in the grid, we improve the current best known result of O(n 2 ) by demonstrating an algorithm of worse case completion time of O( 1 k n 1.5 + n), and faster for shapes of perimeter length which is shorter than O(n).
Introduction
In this paper we examine a problem in which a group of ant-like robotic agents must cover an unknown region in the grid, that possibly expands over time. This problem is also strongly related to the problem of distributed search after mobile and evading target(s) [3, 4] or the problems discussed under the names of "Lions and Men" pursuits [6] . We analyze such issues using the results presented in [1, 2, 11] , concerning the Cooperative Cleaners problem, a problem that assumes a regular grid of connected 'tiles', part of which are 'dirty', the 'dirty' tiles forming a connected region of the grid. On this dirty grid region several agents move, each having the ability to 'clean' the place it is located in. In the dynamic variant of this problem a deterministic evolution of the environment in assumed, simulating a spreading contamination (or spreading fire).
First, we discuss the collaborative coverage of static grids. We demonstrate that the best completion time known to date (O(n 2 ), achievable for example using the LRTA* search algorithm) can be improved to guarantee grid coverage in O( 1 k n 1.5 + n) time. Later, we discuss the coverage of expanding domains. We show that using any conceivable algorithm, and using as sophisticated and potent robotic agents as possible, the minimal number of robots below which covering such a region is impossible equals Ω( √ n). We then show that when the region expands sufficiently slow (specifically, every O( c0 γ1 ) time steps, where c 0 is the circumference of the region and where γ 1 is a geometric property of the region, ranging between O(1) and O(ln n)), a group of Θ( √ n) robots can successfully cover the region. Furthermore, we demonstrate that in this case a cover time of O(n 2 ln n) is guaranteed.
Related Work
A search for analytic results concerning the completion time of ant-robots covering an area in the grid revealed only a handful of works. The main result in this regard is that of [7] , where a swarm of ant-like robots is used to repeatedly cover an unknown area, using a real time search method called node counting, using integer markers that are placed on the graph's nodes. The cover time of teams of ant robots that use node counting is shown in [8, 9] to be t k (n) = O(n √ n ), when t k (n) denotes the cover time of a region of size n using k robots. Another algorithm to be mentioned in this scope is LRTA*, whose multi-robotics variant is shown in [8] to guarantee cover time of undirected connected graphs in polynomial time. Specifically, on grids it guarantee coverage in O(n 2 ) time. Vertex-Ant-Walk, a variant of the node counting algorithm presented in [12] , is shown to achieve a coverage time of O(nδ G ), where δ G is the graph's diameter, implying a worse-case completion time of O(n 2 ) in grids. This work is based on a previous work in which a cover time of O(n 2 δ G ) was demonstrated [10] . An algorithm named Exploration as Graph Construction, providing a coverage of degree bounded graphs in O(n 2 ) time, can be found in [5] . Here a group of limited ant robots explore an unknown graph using special "markers".
We next show that the problem of collaborative coverage in static grids can be completed in O( 1 k n 1.5 + n) time and that collaborative coverage of dynamic grids can be achieved in O(n 2 ln n).
The Dynamic Cooperative Cleaners Problem
Following is a short summary of the Cooperative Cleaners problem, as appears in [11] (static variant) and [1, 2] (dynamic variant). Assuming a discrete time, let the undirected graph G(V, E) denote a two dimensional integer grid Z 2 , whose vertices (or "tiles") have a binary property called 'contamination'. Let cont t (v) state the contamination state of the tile v at time t, taking the values "on" or "off ". Let F t be the contaminated sub-graph of G at time t, and let F 0 be simply connected. Let a group of k robots that can move on the grid G (moving from a tile to its neighbor in one time step) be placed at time t 0 on F 0 , at point p 0 ∈ F t . Each robot is equipped with a sensor capable of telling the status of all tiles in the digital sphere of diameter 7, which surrounds the robot. Each robot is equipped with a memory of size O(1) bits. When a robot moves to a tile v, it has the possibility of cleaning this tile (i.e. causing cont(v) to become off. The robots do not have any prior knowledge of the shape or size of the sub-graph F 0 .Every d time steps, the contamination spreads. That is, if t = nd for some positive integer n, then ∀v ∈ F t ∀u ∈ 4 − N eighbors(v) , cont t+1 (u) = on. The robots' goal is to clean G by eliminating the contamination entirely. It is important to note that no central control is allowed, no communication is allowed, and that the system is fully decentralized. A Survey of Previous Results. The cooperative cleaners problem was previously studied in [1, 2, 11] . A cleaning algorithm called SWEEP was proposed (used by a decentralized group of simple mobile robots, for exploring and cleaning an unknown "contaminated" sub-grid F , expanding every d time steps) and its performance analyzed. The SWEEP algorithm is based in a constant traversal of the contaminated region, preserving the connectivity of the region while cleaning all non critical points -points which when cleaned disconnect the contaminated region. Following are several results that we later use. Note that cleaning a region is equivalent to covering it, as the number of uncovered tiles is upper bounded by the number of remaining contaminated ones.
Result 1 (Cleaning a Non-expanding Contamination)
The time it takes for a group of K robots using the SWEEP algorithm to clean a region F of the grid is at most:
W (F ) denotes the depth of the region F (the shortest path from some internal point in F to its boundary, for the internal point whose shortest path is the longest) and ∂F denotes the boundary of F , defined via
Result 2 (Universal Lower Bound on Contaminated Area) Using any cleaning algorithm, the area at time t of a contaminated region that expands every d time steps can be recursively lower bounded, as follows :
Here S t denotes the area of the contaminated region at time t (such that S 0 = n).
Result 3 (Upper Bound on Cleaning Time for SWEEP on Expanding Domains) For a group of k robot using the SWEEP algorithm to clean a region F on the grid, that expands every d time steps, the time it takes the robots to clean F is at most d multiplied by the minimal positive value of the following two numbers :
where :
Here c 0 is the circumference of the initial region F 0 , and where ψ(x) is the Digamma function -the logarithmic derivative of the Gamma function.
Grid Coverage -Analysis
We first present the cover time of a group of robots operating in non-expanding domains, using the SWEEP algorithm. 
and as for practical reasons we assume that k < n this equals :
We now examine the problem of covering expanding domains. The lower bound for the number of robots required for completing is as follows. 
Theorem 2. Given a region of size
For any S 0 ≥ 3, we see that ∆S 0 > 0. In addition, for every S 0 ≥ 3 we can see that dSt dt > 0 for every t ≥ 0. Therefore, for every S 0 ≥ 3 the size of the region will be forever growing. 
Proof. For every v ∈ F let l(v) denote the maximal distance between v and any of the tiles of F , namely :
l(v) = max{d(v, u)|u ∈ F } Let C(F ) = l(v c ) such that v c ∈ F1 2 ⌊ l(v s ) d ⌋ 2 + 3 2 ⌊ l(v s ) d ⌋ + 1 = Θ ( l(v s ) 2 d 2 )
It is obvious that the region cannot be cleaned until v d is cleaned. Let t d denote the time at which the first agent reaches v d . It is easy to see that t d ≥ l(v s ).

Therefore, at time t d there are k agents that has to clean a region of at least Θ( l(vs)
d 2 k < Ω (l(v s ))
As l(v s ) ≥ C(F ) we know that k agents could not clean an expanding contaminated region where : d 2 k < Ω (C(F )). It is easy to see that for every region F , if R(F ) is the length of the perimeter of the bounding rectangle of F then C(F ) = Θ(R(F )).
Lemma 1. For every connected region of size S
Proof. Let us observe γ 1 : 
From Lemma 1 we also see that
4 c 0 meaning that :
Combining equations 1 and 2 the rest is implied. 
Proof. In order for Result 3 to yield a real number all the following must hold :
The first and second requirements hold for every non trivial scenario. The third requirement is implied by the fourth. The fourth assumption is a direct result of Lemma 1. As for the last requirement, we ask that A
, which subsequently means that we must have :
Using Lemma 1 and Lemma 2 we should make sure that :
(which we know to be larger than zero), we can write the above as follows : 
In addition, we also require that the cleaning time µ is positive :
For this to hold we shall merely require that )
. which subsequently implies that : 
Using the fact that γ 2 = Θ(c 0 ) (Lemma 1) we can rewrite this expression as :
as follows : 
Assuming that k > O(ln S
0
Conclusions
In this paper we have discussed the covering of a connected region on the grid using collaborate ant-like robotics system. We have shown that for static regions this can be done in O( 
